Using analytic continuation theory, a new simple proof of a standard generalized circle theorem is given. Additionally, new cases involving complex coefficients in the boundary condition and allowing for an arbitrary singularity of a given complex potential at the interface are considered.
Introduction
It is well known that physically different phenomena are frequently described by the same mathematical laws when formulated as models in terms of partial differential equations and boundary conditions. In this work one such standard model, that of the theory of heterogeneous media, is considered. This classical model can be described as follows.
It is required to define a two-dimensional planar stationary field v(x, y) = (v x , v y ) = v p (x, y), (x, y) ∈ S p , p = 1, . . . , m, which is potential and solenoidal in each isotropic phase S p of an m-phase medium:
It is assumed that the continuous limit boundary values of the vectors v andρv satisfy the conditions This mathematical model is used in electrodynamics where v is the current density and ρ p , β p are respectively the resistivity and the Hall parameter of the phase S p . In groundwater mechanics [1] β p = 0 and 1/ρ p = k p is the hydraulic conductivity of the phase S p , and v = (v x , v y ) is a velocity vector. In terms of the complex potential w(x, y) = (ϕ(x, y), ψ(x, y)) the problem (1.1) and (1.2) is equivalent [1] to the following boundary-value problem: 
In [2, p. 53] , it was shown that the homogeneous problem (1.1) and (1.2) is equivalent to a homogeneous generalized Riemann boundary-value problem (a problem of R-linear conjugation) for a piecewise holomorphic function
where s is the arc length of the contour L pq , the derivative t (s) is the unit vector tangential to the contour L pq at the point t ∈ L pq and, generally,
In particular, if all β vanish then
) and, hence, for the specific problem (1.4), a qualitative theory is well developed [3, 4] . An exact analytical solution of the above problem can be derived for some specific composite structures only; one of the simplest structures is a two-phase heterogeneous medium whose interface is the circumference of a circle. The solution of the corresponding boundary-value problem gives the well-known Milne-Thomson circle theorem [5, p. 159] . It is worth mentioning the paper [6] , where a generalization of the circle theorem to the case of two overlapping circles is given and which contains references to closely related problems.
More complicated structures are investigated in [7, 8] .
Below we consider a generalization of Milne-Thomson's theorem for the case when an insertion of a circular inclusion S 2 in an infinite homogeneous medium S 1 disturbs the current with a given complex potential f (z). This problem, in connection with the corresponding porous media problem, was first considered in [9] . More accurately, in [9] it was shown that, if (1.6) hold and all the singularities of f (z) are located in S j ( j = 1, or j = 2), then the function (1.2) . However, considering the particular case of a single source within a circular inclusion, Golubeva says that then formulae above cannot be used directly and they should be corrected on the basis of some "geometrical interpretation". This solution is duplicated in [1, p. 352] and [10, p. 20-21] . The same solution was derived independently in [11] while studying an anti-plane elasticity problem. The question of uniqueness of the solution has not been considered at all, nor have cases of complex coefficients (1.5), or the case when the complex potential has singular points at the circle.
The present article gives a rather short and at the same time complete mathematical solution of the stated problem and closes the gaps mentioned above. For any specific given potential one can write down the corresponding perturbed complex potential through our formulae, derived below, without any corrections. But we have to admit that, aside from the complex coefficients and singularities at the interface, the same solution can be obtained using the "general" solution and the corrected particular solution found in [9] through the principle of superposition.
Proof of the circle theorem without singularities at the interface
Let F (z) be a function that is complex conjugate to the velocity vector of the undisturbed given current, i.e. F (z) = f (z). Assuming that the number of logarithmic singularities and poles of the potential f (z) is finite, then the function F (z), as a single-valued meromorphic function with a finite number of poles in C, is a rational function. Next, if all the poles of F (z) are located inside and outside the inclusion (the case of boundary singularities will be considered later), then F (z) may be represented as the sum F (z) = F 1 (z) + F 2 (z). Here the function F p (z) is holomorphic everywhere in the complex plane, except for a finite number of poles located in the domain S p ( p = 1, 2). Note that generally it is impossible to separate singularities of f (z) into internal and external ones if the given complex potential has internal logarithmic singular points. So, for this reason, we prefer to work in terms of the velocity as it avoids branch cuts.
A piecewise meromorphic solution v(z) of the problem (1.4) can be represented as
where
is the known principal part of the function v p (z) and v p0 (z) is its unknown part, regular in S p . The rational function F 2 (z) is a sum of simple fractions, and hence, F 2 (∞) = 0. The function F 1 (z) is a sum of simple fractions and a polynomial. At infinity the regular part v 10 (z) has a zero of, at least, first order. Let us, for the sake of definiteness, take S 2 = {z : |z| < r }; hence L 12 = {t : |t| = r } and t (s) = i t/r , t = r 2 /t. The boundary conditions (1.4) can now be written as
Now we consider the following function: 
The constant c has to be found from the holomorphicity condition of the function v 20 (z) at the point z = 0. This results in the equality c = B 12 r 2F 2 (0). Let
where F 20 is a sum of all summands of the function F 2 (z), which are nonlinear in (z − z k ) −1 . At the origin, the functionF 20 (z) has a zero of at least second order, so that
Thus, a is the sum of residues of the function F 2 (z) at all its poles in S 2 or, using Cauchy's residue theorem, a = −res ∞ F 2 (z). In view of the equality c = B 12 a and (2.1), (2.3) and (2.4), omitting some simple algebra, the solution of the stated problem can be written down as
when a = Γ /(2π i ). The first of these two specific complex potentials corresponds to a source of the strength Q at an internal point of the inclusion. It is, to within changes in notation, identical to those given in the monographs [1, p. 352] , [10, p. 20] , and the second corresponds to a vortex of the strength Γ that also coincides with the result of the monograph [10, p. 21] . If, in particular, f (z) = a ln z, then from (2.5) one can get w 1 (z) = (A 12 a+B 12 a) ln z, w 2 (z) = a ln z. for the case of a single source at the boundary point τ = 1 (the left panel corresponds to the case of the ratio k 1 /k 2 = 1/4 and the right one to k 1 /k 2 = 4). It is interesting to note that, inside the circular inclusion, the streamlines and the equipotential lines are segments (y = c(x − 1)) and circular arcs (y 2 + (x − 1) 2 = c 2 ) respectively.
